Quantum walks are a promising framework for developing quantum algorithms and quantum simulations. Quantum walks represent an important test case for the application of quantum computers. Here we present different forms of discrete-time quantum walks and show their equivalence for physical realizations. Using an appropriate digital mapping of the position space on which a walker evolves onto the multi-qubit states in a quantum processor, we present different configurations of quantum circuits for the implementation of discrete-time quantum walks in one-dimensional position space. With example circuits for a five qubit machine we address scalability to higher dimensions and larger quantum processors.
I. INTRODUCTION
There is great interest in developing quantum algorithms for potential speedups over conventional computers, and progress is being made in mapping such algorithms to current technology [1, 2] . Device architecture, qubit connectivity, gate fidelity and qubit coherence time are metrics that define the trade-off in designing device specific circuits. Quantum walks [3, 4] , exploiting quantum superposition of multiple walk paths, have played an important role in development of a wide variety of quantum algorithms. Examples include algorithms for quantum search [5] [6] [7] [8] [9] , graph isomorphism problems [10] [11] [12] , ranking nodes in a network [13] [14] [15] [16] , and quantum simulation at low and high energy scales [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
There are two main variants of quantum walks, the discrete-time quantum walk (DTQW) [27, 28] and the continuous-time quantum walk (CTQW) [29, 30] . The DTQW is defined on a Hilbert space comprising internal states of the single particle, a coin qubit state, and position space with the evolution being driven by a position shift operator controlled by a quantum coin operator. The CTQW is defined directly on the position Hilbert space with the evolution being driven by the Hamiltonian of the system and adjacency matrix of the position space. In both variants, the probability distribution of the particle spreads quadratically faster in position space compared to the classical random walk [31] [32] [33] [34] [35] .
Due to the Hilbert space configuration of DTQWs one can define many different forms of quantum coin operators and position shift operators that control the dynamics leading to variants such as the standard DTQW, directed DTQW [36] [37] [38] , split-step DTQW [39] [40] [41] , and the Szegedy walk [42] . These models have been successfully used to mimic the Dirac cellular automata [41, 43, 44] , to simulate strong and weak localization [45, 46] and topological phases [47, 48] , and many more.
DTQW implementations are ideally suited for lattice based quantum systems where lattice sites represent a position space explored by a walker in the form of a hopping quantum particle. Experimental implementations of these walks have been reported in cold atoms [49, 50] and photonic systems [51] [52] [53] . In trapped ions, the DTQW has been implemented by mapping position space to motional phase space [54, 55] . However, the implementation of quantum walks on a circuit based system is crucial to explore the practical realm of their algorithmic applications. The quantum circuit based implementation of DTQWs has only been performed on a multi-qubit NMR system [56] . For implementing a DTQW on circuit based quantum processors, one has to map the position space to the multi-qubit states in the quantum processor. Protocols using one such mapping on a superconducting N + 1-qutrits system to implement N -steps of DTQW in circuit quantum electrodynamics has recently been reported [57] . On any hardware, limitations in qubit number and coherence time restrict the number of steps that can be implemented.
In this paper, we review different forms of DTQWs and show their universal equivalence concerning physical implementations in circuit-based systems. We also present different equivalent forms of quantum circuits to implement DTQWs in one-dimensional position space on a five-qubit processor. These circuits can be implemented on any of the present superconducting qubit, trapped ion qubit or other circuit based quantum devices. They can be further scaled up to implement more steps and to higher spatial dimensions, generalized to implement multi-particle DTQWs, and DTQW based algorithms.
II. EQUIVALENCE OF DIFFERENT DISCRETE TIME QUANTUM WALK VARIANTS IN ONE DIMENSION
Dynamics of the DTQW are defined on the combination of particle (coin) and position Hilbert space H = H c ⊗ H p . A particle with internal states, H c = span{|↑ , |↓ } and a one-dimensional position Hilbert space is H p = span{|x }, where x ∈ Z represents the labels on the position states available for the particle. The generic initial state of the particle, |ψ c , can be written using two parameters δ, η in the form,
Each step of the walk evolves by a unitary operation consisting of a quantum coin operator acting on the particle space followed by a conditioned position shift operator acting on the entire Hilbert space. By modifying the coin and shift operators, different forms of DTQWs can be achieved. The quantum coin operator, with a single parameter representing the bias of the effective coin, acts on the coin qubit space and is given by a rotation operator,Ĉ
Here I l is the identity operator on the position space of length l. Each step of the walk is realized by applying the operator, W =ŜĈ(θ). The shift operator at time t, translates the position conditioned on the internal state of the particle. The state of the particle in extended position space after Probability distribution after 100 time-steps of a standard discrete-time quantum walk (SQW), directed discrete-time quantum walk (DQW), and split-step quantum walk (SSQW) with the coin parameter θ = π/4. In the plot, the zero probability value at alternate positions are discarded from the SQW. The spread in position space for the SQW and SSQW are identical but the peak values of the distribution are different. The spread is different for SQW and DQW, but their peak values are identical. The initial state is |Ψin = 1 √ 2 (|↑ + |↓ ) ⊗ |x = 0 for all cases.
t steps of the walk is given by,
The probability of finding the particle at position and time (x, t) is
Fig . 1 shows the probability distribution of a SQW for different initial states using θ = π/4. The symmetry of the probability distribution naturally depends on the particular choice of the initial state of the walker. The symmetry and variance of the final distribution can also be affected by adding phases and thus taking advantage of the entire Bloch sphere for the coin operation in Eq. (2) [58] .
Directed discrete-time quantum walk (DQW): On a onedimensional position space, the coin operation is the same as that given by Eq. (2) but the position shift op-eratorŜ d is of the form,
The shift operator at time t retains the particle at the existing position state at time (t − 1) or translates to the right conditioned on the internal state of the particle. Each step of the walk is realized by applying the opera-tor,Ŵ d =Ŝ dĈ (θ). When the particle is in superposition of the internal state, during each step of the walk, some amplitude of the particle will simultaneously remain at the exisiting position state and translate to the right position state. The spread of the DQW in position space is half that of the SQW.
Split-step discrete-time quantum walk (SSQW): In this case, each step of the walk is a composition of two halfstep evolutions,Ŵ
The single parameter coin operator is again given by Eq.
(2) and the two shift operators have the form,
During each step of the SSQW, the particle remains at the same position and also moves to left and right positions conditioned on the internal state of the particle. This leads to a probability distribution that is different from the SQW. In addition to that, a different value of θ can be used for each half step giving additional control over the dynamics and probability distribution. In Fig. 2 we show the probability distribution over position space after 100 steps of SQW, DQW and SSQW, respectively. The position space explored in the DQW is half the size compared to the SQW. The probability of finding the particle at each position space is non-zero for DQW when compared to SQW where the probability of finding particle at every alternate position is zero. Though the size of the position space is the same for both, SSQW and SQW, a non-zero probability of finding the particle at all positions is seen in SSQW compared to SQW resulting in correspondingly lower peak values.
Among the three forms of the walk presented above, SSQW comprises both features, extended position states and non-zero probability at all positions. Therefore, one can consider SSQW as the most general form of a DTQW evolution. The state at any position x and time (t + 1) after the operation ofŴ ss at time t will be Ψ
In the following we show that the amplitudes of the walker positions in the different quantum walk variants are identical after relabelling of the position state, which establishes that they are all equivalent.
Equivalence of SQW and SSQW: If we evolve two steps of SQW we will arrive at the state that is identical to Eq. (9) with only a replacement of |x ± 1 with |x ± 2 , that is,Ŵ
where,
and
This implies that ψ ↑(↓) x±1 = 0, i.e., the position with zero SQW steps are equivalent to two DQW steps followed by a translation operator which executes a global shift on the position space. For the choice of shift operator we have used, along with directed translation we can show that,Ŵ
where, the form ofĈ(θ),Ŝ, andŜ d are given in Eqs. (2),
, and (6), respectively andT − = (I c ⊗ |x − 1 x|). this can be explicitly shown by expanding the operators, W 2 is given in Eq. (12) and
In Eq. (12) again by replacing x ± 2 with x ± 1 we can showŴ T D ≡Ŵ 2 . Therefore, for all physical realizations mapping the position space of the walker onto multi-qubit states of a quantum processor, one can ignore the alternate positions with zero probability in SQW. A resulting probability distribution is equivalent to the translated DQW.
Equivalence of SSQW and DQW: A SSQW as described by the operatorŴ ss is equal to two DQW steps described byŴ d followed by a global translation operator of the formT − = (I c ⊗ |x − 1 x|). The probability distribution of 2t-time steps of the directed walk is the same as the probability distribution of t− steps of the split-step walk i.e.,Ŵ
whereŴ ss andŴ d are given in is given in Eq. (7) and Eq. (6), respectively.T −Ŵ 2 d is given in Eq. (14) . Therefore, from Eq. (10), (13) and (15) we get, Fig. 3 gives a diagram of the equivalence of all the three forms of the DTQW while Fig. 4 shows the probability distribution comparison for all the three forms of DTQW. The probability distribution of SSQW is equivalent to half of the time evolution of SQW and DQW.
The probability values are the same for all three forms. Translation of DQW in position space recovers SSQW and discarding of position space with zero probability in SQW reduces its spread in position space and recovers SSQW.
Therefore, a quantum circuit which can implement one form of DTQW is sufficient to recover the exact probability distribution of the others by relabelling the position state associated with the multi-qubit state on the processor.
FIG. 5:
Generic quantum circuit for a standard quantum walk (SQW) on a five qubit system, which can implement up to seven steps of standard quantum walk. Alternating circuit (a) and (b) will give the probability distribution of SQW for any initial state on five qubits for the position state mapping given in table I. If the initial state is even, circuit (a) is applied first, and if the initial state is odd circuit (b) is applied first, where even and odd sites are given by the value of the last qubit.
III. QUANTUM CIRCUIT FOR IMPLEMENTING THE DISCRETE-TIME QUANTUM WALK
In previous work an efficient quantum circuit has been presented for implementing the DTQW on highly symmetric graphs. Those graphs include, hypercube, complete and complete multipartite graphs where the resources required for physical implementation scale logarithmically with the size of the state space [60] . In this section, we present different realizations of quantum circuits to implement SQW and DQW in position space on circuit-model quantum computer.
To implement a walk in one dimensional position Hilbert space of size 2 q , (q + 1) qubits are needed, one qubit to represent the particle's internal state (coin qubit) and q-qubits to represent the position. The coin operation can be implemented by applying a single qubit rotation gate on the coin qubit, and the position shift operation is implemented subsequently with the help of multi-qubit gates where the coin qubit acts as the control. Different quantum circuits for implementing DTQWs depend on how the position space is represented. Example circuits for a five qubit system are given in this section.
1 6 : Generic quantum circuit for a directed quantum walk (DQW) on five qubits. Concatenation of this circuit will give the probability distribution of SQW for any generic initial state for the mapping given in table I.
For q = 5 the number of steps of SQW that can be implemented is 2 q−2 − 1 = 7. We choose the position state mapping given in table I. The last qubit to set to state |0 and |1 to identify even and odd positions. This allows us to keep the rest of the qubits mapped identically for each pair of even and odd positions.
For any initial position state |x of the particle, the alternation of circuit (a) and (b) given in Fig. 5 implements the SQW. If the initial position x is even/odd, circuit (a)/(b) is applied first. Similarly, the quantum circuit for DQW starting from any arbitrary initial position state |x is given by repeated application of quantum circuit given in Fig. 6 , one for each step. This multi-qubit configuration with |0 and |1 as the state of the last qubit helps in identifying even and odd positions in the systems.
Fixing the initial state of the walker helps in reducing the gate count in the quantum circuit and hence reduces the overall error. For example, if the initial state is fixed to |↑ ⊗ |0000 ≡ |0 ⊗ |x = 0 then the quantum circuit for first seven steps for SQW and DQW is shown in Fig. 7 and Fig. 8 , respectively. Two different shift operators are needed for the implementation of a SSQW. The same results can be reconstructed from the DQW which will need only one shift operator. Therefore, using a DQW and reconstructing the results of the corresponding SSQW from it is more efficient than the direct implementation of SSQW.
We now consider a different configuration of position space mapping onto multi-qubit states. The position state mapping for these circuits is shown in table II. As in table I the last qubit states |0 and |1 are set to identify the even and odd position. Fig. 9 and Fig. 10 .
In Fig. 9 and 10 , alternative quantum circuits for different mapping choices of position state onto multi-qubit state are shown, which implement seven steps of the SQW and DQW, respectively. The initial state is fixed to |0 ⊗ |x = 0 .
At alternate sites of the SQW we have zero probability, and our mapping allows the value of the last qubit to identify odd or even positions. Alternatively, the step number can be classically tracked in the quantum circuits shown in Fig. 5, 7 and 9 to reduce the number of σ x operations on the last qubit to zero or one.
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FIG. 7:
Quantum circuit for first seven steps of the SQW on a five qubit system with a fixed initial state |↑ ⊗ |x = 0 ≡ |↑ ⊗ |0000 . The position state mapping is shown in table I. This circuit has a reduced gate count compared to the generic circuit shown in Fig. 5 . We note that the sequence of σx in the last qubit can be replaced by classically tracking of the step number.
FIG. 8: Quantum circuit for first seven steps of the DQW on a five qubit system with a fixed initial state |↑ ⊗ |x = 0 ≡ |0 ⊗ |0000 . The position state mapping is given in table I. This circuit has a reduced gate count compared to the generic circuit shown in Fig. 6 .
FIG. 9: Quantum circuit for SQW for the first seven steps on five qubit system for the fixed initial state |↑ ⊗ |x = 0 ≡ |0 ⊗ |0000 . The position state mapping is given in table II. We note that the sequence of σx in the last qubit can be completely replaced by classical tracking of the step number.
FIG. 10: Quantum circuit for first seven steps of the DQW on a five qubit system with a fixed initial state |↑ ⊗ |x = 0 ≡ |0 ⊗ |0000 . The position state mapping is given in table II.
Among the quantum circuits presented, the one given in Fig. 7 is optimal for implementing the SQW. In the Appendix we present one example of a naive mapping of the position state onto the qubit states that results in an inefficient quantum circuit. It highlights the importance of efficient mapping for the physical realization.
IV. SIMPLIFIED QUANTUM CIRCUIT WITH ANCILLA
There has been a significant increase in the number of qubits available on platforms like trapped ion and superconducting qubits [61] [62] [63] [64] . However, limited coherence time is still an hindrance to increase the number of gates that can be implemented. To make an explicit use of the all available qubits, one has to develop a low depth quantum circuits. Here we will present quantum circuits which reduce the number of gates to implement DQWs at the cost of requiring additional ancilla qubits. In a system with access to more qubits, one can implement more steps of the DQW at the same circuit depth.
For a five qubit system, we again use the first qubit to represent the coin and the other four qubits to represent position space. The mapping is given in table IV. Fig. 11 . This mapping requires ancilla qubits to induce interference by merging equivalent multi-qubit states.
This is a classical circuit as it does not include the superposition or interference in the system directly. The output of the DQW and that of the quantum circuit in Fig. 11 is compared in table V for each step. To turn this circuit into a DQW implementation, CNOT and Fredkin (controlled-Swap) gates involving additional ancilla qubits are applied before measurement as shown in Fig. 13 .
After the first three steps, a single ancilla qubit introduces the equivalence of the states with two qubits in state |1 to position space at |x = 2 as shown in Fig. 12 . After tracing out the ancilla qubit, the DQW distribution after 3 steps is recovered. Table VI shows the equivalence of the output of the third step of the directed quantum walk to the circuit output after the first three steps with an ancilla qubit operation. Similarly, to include interference after four steps, we need 3 ancilla qubits as shown in Fig. 13 and the output equivalence is given in table VII.
The number of ancilla qubits as well as Fredkin Fig. 11 without the interference step provided by the ancilla circuit.
Steps Directed quantum walk output Circuit (Fig. 11 ) output without ancilla 0.
|0 ⊗ |x = 0 |0 ⊗ |0000 1. Fig. 11 and output of the quantum circuit with ancilla as shown in Fig. 12 after the interference step.
Step Circuit output without ancilla Circuit output with ancilla 3.
FIG. 11: Quantum circuit for DQW for first four steps without interference. Each step of this quantum circuit is given by a controlled-NOT gate because of the mapping chosen (see table IV ). To include interference in the circuit, ancilla operations are needed before the measurement (see Fig. 13 .
(CSWAP) gates for the circuit in Fig. 11 increases as n−1 C 2 where, n is the step number after which the mea-
FIG. 12:
Quantum circuit for DQW with the ancilla operation to include interference after first three steps.
surement is done. The ancilla operation is needed only before the measurement.
V. CONCLUDING REMARKS
By digitally encoding the walk position space onto qubits in various ways, we have shown different equiva- VII: Output after the four steps of a DQW using the quantum circuit shown in Fig. 11 and output of the quantum circuit with ancilla as shown in Fig. 13 after the interference step.
Step
Circuit output without ancilla Circuit Output with ancilla 4. lent quantum walk circuits. The examples illustrate how the encoding method and use of ancilla qubits can reduce the the required gate depth. The circuits can be scaled to implement more steps on a larger system using higher order Toffoli gates. Implementation of n-steps of a SQW will need at least (log 2 (n + 1) + 2)-qubits. Similarly, for implementing nsteps of a DQW, at least (log 2 (n + 1) + 1) qubits are required. For certain configurations, m ancilla qubits can be used to introduce interference in the system of the multi-qubit states as shown for the DQW circuit in Fig. 11 . To implement a two-state DTQW in twodimensional position space [65, 66] , the same circuit can be scaled with an appropriate mapping of qubit states with the nearest neighbour position space in both dimensions. All the circuits presented can be extended to implement two or more particle DTQWs by introducing two or more coin qubits into the system, respectively. In such cases, the control over the target or position qubit increases with the number of coin qubits.
With an appropriate choice of quantum coin operation in SSQWs, Dirac cellular automata can be recovered, which reproduces the dynamics of the Dirac equation in the continuum limit [41] . With the appropriate use of position dependent coin operation and additional higher order Toffoli gates to our circuits, DTQW based algorithms, such as spatial search can be implemented.
Appendix
A naive mapping can result in an inefficient quantum circuit. One example of this is given in table VIII and |x = 0 ≡ |0000 |x = 1 ≡ |1000 |x = 4 ≡ |1111 |x = 2 ≡ |1100 |x = 5 ≡ |0111 |x = 3 ≡ |1110 |x = 6 ≡ |1011
FIG. 14:
Quantum circuit for DQW for first five steps with the fixed initial state |Ψin = |↑ ⊗ |x = 0 ≡ |0 ⊗ |0000 for the naive mapping shown in table VIII. This circuit has a simple structure but it consists of many additional higher order Toffoli gates compared to the circuits shown in Sec. III and IV.
The simplest quantum circuit for the mapping given above with fixed initial state, |0 ⊗ |0000 is shown in Fig. 14. This circuit implements five steps of the DQW. In the same system one can implement upto 15 steps since the available position states are 2 4 = 16. This circuit looks straightforward to construct and scale but an actual implementation would require higher-order Toffoli gates even for a small number of steps and fixed initial position, making it inefficient for near term quantum processors.
